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ABSTRACT: In the recent paper arXiv:1010.5009,Maldacena et al. derive the two loop
expressions for polygonal Wilson loops expectation values, or MHV amplitudes, by writ-
ing them as sums over exchanges of intermediate free particles. The spectrum of exci-
tations of the flux tube between two null Wilson lines can be viewed as the spectrum
of excitations around the infinite spin limit of finite twist operators in the sl(2) sector
of N = 4 SYM , or the Gubser-Klebanov-Polyakov (GKP) string. This regime can be
captured exploiting integrability and assuming that wrapping corrections are negligible
compared to asymptotic Bethe Ansatz contributions. This assumption holds true for the
N = 4 SYM background GKP string, but deserves further analysis for excited states.
Here, we investigate GKP cousins by considering various classes of (generalized) twist
operators in -deformed N = 4 SYM and ABJM theory. Assuming that the Y-system
of Gromov-Kazakov-Vieira correctly reproduces the wrapping corrections, we show that
it easily leads to accurate large spin expansions at lowest order in weak-coupling per-
turbation theory. As a byproduct, we confirm these corrections are subleading in all the
considered cases.
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1. Introduction and motivations
In the recent paper [3], Maldacena et al. derive the two loop expressions for polygonal
Wilson loops expectation values, or MHV amplitudes, by starting from the one loop result
and applying an operator product expansion. The various terms in the OPE are associated
with the exchange of free particles. The inclusion of the one loop energy/anomalous di-
mension of each intermediate particle breaks the cyclic symmetry of the amplitude. In [3],
it is shown that the simplest cyclic completion agrees with explicit results computed by
more direct methods [5]. The spectrum of excitations of the flux tube stretching between
two null Wilson lines can also be viewed as the spectrum of excitations around the infinite
spin limit of finite twist operators in the sl(2) sector ofN = 4 SYM , or the GKP [6] string.
Integrability and AdS/CFT correspondence effectively help in computing such spec-
trum. To this aim, the flux tube is mapped to the GKP state which is the sl(2) N = 4 SYM
operator 1
O
GKP
= Tr(Z DN
+
Z) + : : : : (1.1)
Here, D
+
is a light-cone direction and Z is one of the complex scalars of N = 4 SYM .
According to the approach of [3], the two scalars can be regarded as two fast particles
sourcing the flux tube represented by the light-cone derivatives. Finally, the spin N is to
be taken to infinity. Excitations over the GKP string are more involved and are associated
with operators of the form
O

GKP
= Tr(Z DN1
+
D
N
2
+
Z) + : : : : (1.2)
where the field  moves in the background of derivatives. Again, the computation of
the anomalous dimensions of the excited states O
GKP
is viable thanks to integrability as
discussed in details in [4]. The treatment is based on the continuum, large spin limit of
the asymptotic Bethe Ansatz equations [7] of N = 4 SYM .
However, it is well known that these equations do not capture correctly the inter-
actions that wrap around the spin chain [8]. In general, the size of these corrections is
correlated to the spin-chain length and becomes more important for short length. It re-
mains to be seen whether and to what extent wrapping corrections are subleading in the
large spin limit. The common lore is that wrapping issues are circumvented in the large
spin limit. For instance, this claim is well supported in the case of the GKP background
from explicit computations of wrapping corrections of twist-2 2 anomalous dimensions
in the sl(2) sector [9, 17]. These results indicate that wrapping corrections are of order
O(log
2
N=N
2
). A more careful analysis as well as extensions would entail the use of the
Y-system of [12], under the assumption that it correctly computes wrapping effects 3.
Actually, extensions can go in two directions. Of course, the most ambitious goal is
precisely that of working out the large spin wrapping for operators like O
GKP
. In this
1As usual, dots in Eq. (1.1) stand for a suitable combination of fields and derivatives inside the trace
building an exact eigenstate of the dilatation operator.
2With similar results holding for twist-3 operators.
3This is a reasonable assumption, but it must be stressed that comparisons with explicit results in -
deformed theories and ABJM should be welcome.
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paper, we start from a simpler problem in order to develop useful methods and tools. We
consider twoN = 4 SYM cousins, i.e. integrable  deformations [26, 27] and ABJM theory
[37], and analyze wrapping for GKP-like states. These are associated by duality to gener-
alized GKP operators or, more briefly, twist operators. They have the characteristic feature
of being built by adding to a certain number of elementary fields a sea of N covariant
derivatives. For such twist operators, we shall show how to extract from the Y -system,
the large N expansion of the leading weak-coupling wrapping correction (see footnote
3). We shall focus on operators built in sl(2)-like sectors. In all cases, we shall be able
to provide accurate asymptotic expansions of the wrapping correction proving that it is
indeed subleading compared to the leading logarithmic scaling of anomalous dimensions
[10]. The obtained expansions nicely complement analogous large spin results derived for
the asymptotic Bethe Ansatz contributions in [1] 4. One immediate application of these
results is the analysis of generalized Gribov-Lipatov reciprocity (see [25] for a review).
For instance, we shall provide support for reciprocity to hold in the case of  deformed
N = 4 SYM .
2. A brief review of Y-system for undeformedN = 4 SYM
Superstring theory of type IIB on AdS
5
 S
5, described by the Metsaev-Tseytlin action in
light-cone gauge, is a two dimensional classically integrable field theory. According to the
AdS/CFT correspondence, it is dual to four dimensional planar N = 4 SYM. The spec-
trum of anomalous dimensions of the gauge theory is believed to match the superstring
energy spectrum.
The exact spectrum of relativistic 2D integrable theories has been suggested [11] to
be captured by the universal set of functional quadratic Hirota equations. They have the
form
T
a;s
(u+ i=2)T
a;s
(u  i=2) = T
a+1;s
(u)T
a 1;s
(u) + T
a;s+1
(u)T
a;s 1
(u) : (2.1)
It was conjectured in [12] that for the superstring theory onAdS
5
S
5 the system of Hirota
equations should be the same, with the functions T
a;s
(u) being non-zero only inside the
infinite T-shaped domain of the a; s integer lattice, shown in Fig.1.
Physical quantities can be computed by introducing the gauge invariant combinations
Y
a;s
=
T
a;s+1
T
a;s 1
T
a+1;s
T
a 1;s
; (2.2)
which obey another set of functional equations called the Y-system:5
Y
+
a;s
Y
 
a;s
Y
a+1;s
Y
a 1;s
=
(1 + Y
a;s+1
)(1 + Y
a;s 1
)
(1 + Y
a+1;s
)(1 + Y
a 1;s
)
; (2.3)
4Notice that the large spin limit can be taken at the level of the ABA equations. In that context, the density
of Bethe roots is obtained by a continuum limit turning the Bethe equations into integral equations [2]. This
method is more general than the approach of [1], but is currently unable to provide long expansions at large
spin and is limited to the leading and subleading terms.
5The equations for fa; sg = f2; 2g and fa; sg = f 2; 2g cannot be written in such local form.
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Figure 1: Graphical representation of the Y-system and T-system [12]. Circles correspond to Y-
functions. Intersections of grid lines in the T-hook correspond to T-functions.
Here and throughout this paper we use the notation
f

 f(u i=2); f
[+a℄
 f(u+ ia=2): (2.4)
The T- and Y-systems should additionally be supplementedwith a particular set of analyt-
ical properties imposed on T- and Y-functions. What these properties are in the AdS/CFT
case is still not completely clear (for some recent progress see for instance [14]). Also, re-
cently the general solution of this Y-systemwas obtained [13], though it is not clear at the
moment what form it must take for any partcular operator/string state.
The energy and momentum of magnon excitations in the theory are described in
terms of the Zhukowski variable x(u), defined by
x+
1
x
=
u
g
; (2.5)
where the relation between the coupling g and the ’t Hooft coupling  is  = 162g2. The
mirror and physical branches of this function are defined as
x
ph
(u) =
1
2
 
u
g
+
s
u
g
  2
s
u
g
+ 2
!
; x
mir
(u) =
1
2
0

u
g
+ i
s
4 
u
2
g
2
1
A
; (2.6)
where
p
u stands for the principal branch of the square root. The energy and momentum
of a bound state with nmagnons are

n
(u) = n+
2ig
x
[+n℄
 
2ig
x
[ n℄
; p
n
(u) =
1
i
log
x
[+n℄
x
[ n℄
: (2.7)
Finally, the exact energy of a state was conjectured in [12] to be given by
E =
X
j

ph
1
(u
4;j
) + ÆE ; ÆE =
1
X
a=1
Z
du
2i


a
(u)
u
log

1 + Y

a;0
(u)

; (2.8)
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where the rapidities u
4;j
are fixed by the exact Bethe ansatz equations
Y
ph
1;0
(u
4;j
) =  1 : (2.9)
Here, Y 
a;0
denotes the function Y
a;0
evaluated at mirror kinematics (and this applies for
any function marked by asterix). On the other hand, Y
ph
1;0
(u), similarly to xph, is the result
of analytical continuation of Y 
1;0
(u) through the cut (i=2 + 2g; i=2 +1).
For asymptotically large size L it is possible to solve the Y -system explicitly since the
massive nodes Y
a;0
decouple and the Y-system splits into two wings su
L
(2j2)  su
R
(2j2).
The solution found in this way can also be used to compute leading wrapping corrections
to the anomalous dimensions at fixed finite L [12]. Let us define for node i
Q
i
(u) =
K
i
Y
`=1
(u  u
i;`
); (2.10)
and, for the momentum carrying node 4, let us introduce the quantities
R
()
=
K
4
Y
`=1
h
x(u)  x

4;`
i
; B
()
=
K
4
Y
`=1

1
x(u)
  x

4;`

: (2.11)
In the large size limit the TL
a;1
functions, which correspond to the left wing, can be found
from the following generating functional
1
X
a=0
( 1)
a
T
L
a;1

u+ i
1 a
2

D
a
= (2.12)
 
1 
Q
+
3
Q
 
3
D
!
 1
 
1 
Q
+
3
Q
 
3
Q
  
2
Q
2
R
(+) 
R
( ) 
D
! 
1 
Q
++
2
Q
2
Q
 
1
Q
+
1
R
(+) 
R
( ) 
D
!  
1 
Q
 
1
Q
+
1
B
(+)+
B
( )+
R
(+) 
R
( ) 
D
!
 1
;
where D = e iu is the shift operator. For the right wing, we have a similar expression for
the TR
a;1
functions with subscripts of functions Q
i
changed according to 1; 2; 3 ! 7; 6; 5.
In this paper, we shall consider states from the sl(2) sector. In this case, there are
excitations on the middle node only, which means that K
i
= 0 for i 6= 4. Hence Q
1;2;3
 1
and the T-functions for the left and right wing are equal: TL
a;1
= T
R
a;1
 T
a;1
. They are
given by
1
X
a=0
( 1)
a
T
a;1

u+ i
1 a
2

D
a
= (2.13)

1 D

 1
 
1 
R
(+) 
R
( ) 
D
! 
1 
R
(+) 
R
( ) 
D
!  
1 
B
(+)+
B
( )+
R
(+) 
R
( ) 
D
!
 1
:
The middle node Y-functions for large L can then be written as
Y
a;0
'
 
x
[ a℄
x
[+a℄
!
L
(T
a;1
)
2

a
; (2.14)
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where the fused scalar factor is

a
(u) =
a 1
2
Y
n= 
a 1
2
(u+ i n); (u) =
B
(+)+
B
( ) 
R
( ) 
R
(+)+
K
4
Y
j=1

2
(u; u
4;j
): (2.15)
and (u; v) is the dressing factor.
In mirror dynamics Y
a;0
defined by (2.14) is suppressed for finite L at weak coupling.
The wrapping correction at leading order in the coupling can be found from (2.8):
ÆE
LO
'  
1
X
a=1
Z
du

Y

a;0
(u); (2.16)
where values of the roots u
4;j
which enter the expression for Y
a;0
should be obtained from
the standard ABA equations [7] for the asymptotic spectrum of N = 4 SYM.
2.1 sl(2) twist operators
An interesting class of composite operators inN = 4 SYM is that of twist L operators with
spin N . These are schematically of the form
Tr(Dn1Z    DnLZ); n
1
+   n
L
= N; (2.17)
where D is a light-cone projected covariant derivative, and Z a complex scalar field. The
above set of operatorsmixes under renormalization, but is closed at all orders in perturba-
tion theory. These operators transforms according to the (reducible) infinite dimensional
representation [ 1
2
℄

L of sl(2). We shall be interested in highest weight state with minimal
anomalous dimension 
L;N
(g). At weak-coupling, we can expand

L;N
(g) = L+N +
X
`1

(`)
L;N
g
2 `
: (2.18)
Wrapping corrections starts at order g2L+2. The most advanced explicit results for the
full (asymptotic plus wrapping) anomalous dimensions are at five loops for L = 2 [23]
and at six loops for L = 3 [24]. These results are in full agreement with BFKL as well as
reciprocity [25] predictions.
2.2 Efficient generation of Y 
a;0
The quantity Y 
a;0
is the product of the dispersion factor, the fused scalar factor, and the
T
-matrix factor, all evaluated in mirror dynamics. We report here efficient formulas to
compute these quantities for sl(2) twist-operators.
Dispersion
This is the universal factor
"
4g
2
(a
2
+ 4u
2
)
#
L
: (2.19)
su(2j2) Wing
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We can use the relations
B
(+)
B
( )
R
(+)
R
( )
=
Q
+
4
Q
 
4
+O(g
4
); (2.20)
R
(+)
R
( )
=
Q
+
4
Q
 
4

1 + i  g
2
1
u
+O(g
4
)

; (2.21)
where
 =
X
j
1
u
4;j
+
i
2
1
u
4;j
 
i
2
= i (logQ
4
)
0


u=+i=2
u= i=2
: (2.22)
Then, one finds
T

a;0
= i  g
2
( 1)
a+1
Q
[1 a℄
4
a
X
p= a
p=2
Q
[ 1 p℄
4
 Q
[1 p℄
4
u  p
i
2









Q
[ a 1℄
4
;Q
[a+1℄
4
!0
(2.23)
Fusion of scalar factors
After some manipulations, one finds (for an even Q
4
) the formula


a
= [(Q
+
4
(0)℄
2
Q
[1 a℄
4
Q
[ 1 a℄
4
Q
[a 1℄
4
Q
[a+1℄
4
: (2.24)
2.3 Leading wrapping correction for twist-2 operators
The leading wrapping correction for states with L = 2 and spin N has been derived in
[17] and reads

(4);wrapping
2;N
= C
7
(N) + C
4
(N) 
3
+ C
2
(N) 
5
; (2.25)
C
2
(N) =  640S
2
1
;
C
4
(N) =  512S
2
1
S
 2
;
C
7
(N) = 256S
2
1
( S
5
+ S
 5
+ 2S
4;1
  2S
3; 2
+ 2S
 2; 3
  4S
 2; 2;1
) ;
where, as usual, harmonic sums are defined by
S
a
(N) =
N
X
n=1
( 1)
sign a
n
jaj
; S
a;b(N) =
N
X
n=1
( 1)
sign a
n
jaj
Sb(n): (2.26)
The Y-systemcalculation required the known one-loop Baxter polynomial for central roots
which is
Q
4
(u) =
3
F
2
 
 N N + 1
1
2
+ i u
1 1





1
!
: (2.27)
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2.3.1 A sample calculation, N = 2 the Konishi operator
As a warm-up, let us review the case of the Konishi operator which has L = 2, N = 2 and
has already been discussed in [12]. One finds
Y

a;0
=
147456a
2
g
8
 
3a
2
+ 12u
2
  4

2
(a
2
+ 4u
2
)
4
y
a
y
 a
; (2.28)
y
a
= 9a
4
  36a
3
+ 72a
2
u
2
+ 60a
2
  144au
2
  48a + 144u
4
+ 48u
2
+ 16:
The residue in u = ia
2
is
Res
u=i
a
2
Y

a;0
=  
72iP (a)g
8
a
5
(9a
4
  3a
2
+ 1)
4
; (2.29)
P (a) = 13122a
16
  63423a
14
+ 90396a
12
  52731a
10
+ 18792a
8
  4887a
6
+ 972a
4
  126a
2
+ 10:
Summing over a, we find

(4);wrapping
2;2
g
8
=
1
X
a=1
( 2 i)Res
u=i
a
2
Y

a;0
= (324 + 864
3
  1440
5
) g
8
; (2.30)
in agreement with Eq. (2.25).
2.3.2 Another example, N = 4
The same calculation can be repeated for the state with N = 4. We provide some unpub-
lished results for the reader’s advantage.
Y

a;0
=
655360000a
2
g
8
 
35a
4
  280a
2
u
2
+ 460a
2
  1680u
4
+ 1840u
2
  576

2
9 (a
2
+ 4u
2
)
4
y
a
y
 a
; (2.31)
y
a
= 1225a
8
+ 9800a
7
+ 19600a
6
u
2
+ 43400a
6
+ 117600a
5
u
2
+
123200a
5
+ 117600a
4
u
4
+ 330400a
4
u
2
+ 241040a
4
+ 470400a
3
u
4
+ 537600a
3
u
2
+
325760a
3
+ 313600a
2
u
6
+ 560000a
2
u
4
+ 602240a
2
u
2
+ 290560a
2
+ 627200au
6
+ 179200au
4
+
442880au
2
+ 153600a + 313600u
8
  268800u
6
+ 272640u
4
+ 117760u
2
+ 36864:
The residue in u = ia
2
is
Res
u=i
a
2
Y

a;0
=  
12500 i
81a
5
(35a
4
  70a
3
+ 85a
2
  50a + 12)
4
(35a
4
+ 70a
3
+ 85a
2
+ 50a + 12)
4
P (a);
P (a) = 450375078125a
32
+ 5404500937500a
30
+ 12978155312500a
28
  22899012281250a
26
+
 33135105543750a
24
  52511921568750a
22
+ 20889501517500a
20
+ 36484448411250a
18
+
57156710831625a
16
+ 10026729250a
14
+ 1352770312800a
12
  10099371503200a
10
+
5545042560000a
8
  1729583746560a
6
+ 383012167680a
4
  51920289792a
2
+ (2.32)
3869835264:
Summing over a, we find

(4);wrapping
2;4
g
8
=
1
X
a=1
( 2 i)Res
u=i
a
2
Y

a;0
=

5196875
7776
+
143750
81

3
 
25000
9

5

g
8
; (2.33)
again in agreement with Eq. (2.25).
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2.3.3 General N
In a similar way, one can easily to compute 
(4);wrapping
2;4
for any fixed N . Higher twist
states are also similar and in all cases there is agreement with the known explicit results.
Notice however that the proof of the exact closed-form dependence on N , as in Eq. (2.25),
requires an educated guess. This is available in the sl(2) sector N = 4 SYM, but does not
appear to be generalizable to larger sectors or models, at least in any trivial way.
3. Y-system and  deformation of N = 4 SYM
A deformation of N = 4 SYM which apparently does not spoil integrability in the pla-
nar limit is the so-called -deformed SYM theory, which has N = 1 instead of N = 4
supersymmetry. In fact, this theory is a special case of a more general three-parameter
deformation. The -deformation consists in replacing the original superpotential for the
chiral superfields by
W = ih tr(e
i
 Z   e
 i
Z ): (3.1)
The deformed theory remains superconformal in the planar limit to all orders of perturba-
tion theory [26, 27] if  is real and hh = g2
YM
, where  = g2
YM
N . The -deformed theory
is believed to have a string dual, and integrability properties have been found on both
sides of the duality [28, 29] (some important results in this field have been obtained quite
recently). In particular, computations of wrapping corrections have been done with the
use of integrability [30, 31, 32, 15, 33, 34], reproducing the direct perturbative calculations
obtained earlier in [35] (see also the review [36]).
The first application of the Y -system approach to -deformed N = 4 SYM has been
presented in [15]. In that paper it was argued that the deformed theory is described by
the same Y-system as the undeformed one, though the asymptotic large L solution should
be modified and acquires dependence on . Here we will use the expressions for this
asymptotic solution in sl(2) grading, which are given in the Appendix of [15] and can be
used for an arbitrary state. We will consider states from the sl(2) sector, and in this case
the T
R;L
a;s
functions can be found from the following deformed generating functional:
1
X
a=0
( 1)
a
T
R
a;1

u+ i
1 a
2

D
a
= (3.2)

1 D

 1
 
1 
1

R
R
(+) 
R
( ) 
D
! 
1  
R
R
(+) 
R
( ) 
D
!  
1 
B
(+)+
B
( )+
R
(+) 
R
( ) 
D
!
 1
:
The expression for the TL
a;1
functions is the same with 
R
replaced by 
L
. The left wing is
undeformed, while deformation in the right wing is dependent on the length L:

L
= 1; 
R
= e
2iL
: (3.3)
The functional (3.2) leads to T
a;1
functions whose dependence on  does not increase in
complexity with a, which simplifies calculations considerably. Finally, the Y
a;0
functions
– 9 –
are given by
Y
a;0
(u) '
 
x
[ a℄
x
[+a℄
!
L

a
(u)T
L
a;1
(u)T
R
a;1
(u) ; (3.4)
where the scalar factor  is the same as in the undeformed theory (see (2.15)). The energy
of a state is also given by the same formula (2.8).
3.1 Deformed Konishi operator
As we saw above, to compute Y 
a;0
for deformed twist operators 6 we must take into ac-
count that one of the two wings is deformed. The deformed wing contributes
T
;def
a;0
=
( 1)
a+1
Q
[1 a℄
4
a 1
X
p= a+1
p=2
Q
[p℄
4
: (3.5)
For the simplest case of the deformed Konishi which has L = 2 and spin N = 2, the
explicit result for the relevant Y
a;0
function takes the final form
Y

a;0
=  
24576 a
2
(12u
2
  a
2
)(12u
2
+ 3a
2
  4)
(a
2
+ 4u
2
)
3
y
a
y
 a
sin
2
(2) g
6
: (3.6)
The residue is
Res
u=i
a
2
Y

a;0
=  
216 i a
 
54a
8
  108a
6
+ 27a
4
+ 5a
2
  1

(3a
2
  3a+ 1)
3
(3a
2
+ 3a+ 1)
3
sin
2
(2) g
6
: (3.7)
Summing over a 7, we find the simple result
W
2

1
X
a=1
( 2 i)Res
u=i
a
2
Y

a;0
= 24 sin
2
(2) g
6
: (3.8)
This result can be compared with [16]. The dispersion relation in [16] is
q
1 + 4g
2
sin
2
p
2
.
Thus their coupling is doubled compared to our convention g
[16℄ = 2g. Thus, the result
of [16] which is
W
2;[16℄ =
3
8
sin
2
(2) g
6
[16℄; (3.9)
is perfectly matched by our calculation.
3.2 Wrapping correction for deformed twist-2 operators at higher values of N
We have checked that for all the considered N
W
N
=  
1

1
X
a=1
Z
1
 1
duY

a;0
=  2 i
1
X
a=1
Res
u=i
a
2
Y

a;0
: (3.10)
6Let us remark that in the sl(2) sector, the asymptotic Bethe Ansatz anomalous dimensions are indepen-
dent on the twist which enters at the level of the wrapping corrections, see for instance [16].
7It can be checked that this agrees with the sum of the integrals. So, as usual, the other poles cancel out in
the sum.
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This is slightly non trivial since it implies that all the extra non-fixed poles do not con-
tribute to the sum. Now, why is the result rational forN = 2 ? The reason is that the finite
sum over a can be expressed as a rational function
m
X
a=1
Res
u=i
a
2
Y

a;0
=  
m
X
a=1
216 i a
 
54a
8
  108a
6
+ 27a
4
+ 5a
2
  1

(3a
2
  3a+ 1)
3
(3a
2
+ 3a+ 1)
3
sin
2
(2) g
6
=
=
108 im
 
3m
5
+ 9m
4
+ 14m
3
+ 13m
2
+ 6m+ 1

(3m
2
+ 3m+ 1)
3
sin
2
(2) g
6
:
Hence, takingm!1 we find
1
X
a=1
Res
u=i
a
2
Y

a;0
= 12 i sin
2
(2) g
6
;
recovering
W
2
= 24 sin
2
(2) g
6
: (3.11)
Remarkably, this works for all even N we have considered. In other words, for all N
Res
u=i
a
2
Y

a;0
=  4R
N
(a) sin
2
(2) g
6
; (3.12)
where R
N
(a) is a rational function such that
m
X
a=1
R
N
(a) = G
N
(m); (3.13)
where G is another rational function. For instance, at N = 4, we find
R
4
(a) =
50iaA
4
(a)
9 (35a
4
  70a
3
+ 85a
2
  50a+ 12)
3
(35a
4
+ 70a
3
+ 85a
2
+ 50a+ 12)
3
; (3.14)
A
4
(a) = 367653125a
20
+ 3256356250a
18
+ 2399499375a
16
  2038277500a
14
  4155108125a
12
 6733434750a
10
  2048040175a
8
  435524000a
6
+ 1012323960a
4
 1910880a
2
  20497536; (3.15)
and
G
4
(N) =  
25imB
4
(m)
432 (35m
4
+ 70m
3
+ 85m
2
+ 50m+ 12)
3
; (3.16)
B
4
(m) = 986125m
11
+ 5916750m
10
+ 19429725m
9
+ 42911750m
8
+ 71073975m
7
+
91909650m
6
+ 93405335m
5
+ 73677330m
4
+ 43556520m
3
+ 18264040m
2
+
4797216m + 569376 (3.17)
Hence
1
X
a=1
R
N
(a) = G
N
(1) =  
25  986125
432  35
3
i =  
575
432
i: (3.18)
Computing in this way the wrapping for many values of N we find (in the next page) the
following list of values of r
N
appearing in
W
N
=  4 r
N
sin
2
(2) g
6
; (3.19)
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r2
=  6 (3.20)
r
4
=  
575
216
r
6
=  
6811
4500
r
8
=  
145984913
148176000
r
10
=  
3485433677
5000940000
r
12
=  
4165633935359
7987501368000
r
14
=  
124786385896536779
307099458846180000
r
16
=  
61095815015630237
187184432058624000
r
18
=  
30864486750624446287
114954639338002464000
r
20
=  
33134118246922594651007
147181789294280328107520
r
22
=  
821247258526823376973
4283067942426147114240
r
24
=  
423296254257078560053417399
2558229757633583931548851200
r
26
=  
6752429827603404931071980998039
46767637756738956248627436000000
r
28
=  
57655404406777274557039980797413
453286335180700652871312072000000
r
30
=  
1338280278251706057435350670024664003
11844857602202258810226889418580000000
r
32
=  
10045401921009398169113899909867508536854029
99368235036141629807876144367566965248000000
r
34
=  
926715021326134005509987668319993386157239
10179769257318228260276567820024508320000000
r
36
=  
25390440807620211250955628419328762124627
307959406103744720478954992874691008000000
r
38
=  
48196052500675734519558980197735745588588072947
642161624325187731270977548626364289361888000000
r
40
=  
1189640529545796720009723173744957230815007487
17332297552636645918245008060090804031360000000
4. Y-system and twist operators in ABJM
Another interesting example where a class of twist operators can be found, quite similar
to that of N = 4 SYM , is the duality between Type IIA string theory on AdS
4
 CP
3 and
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Figure 2: Graphical representation of the Y- and T-systems proposed in [12] for ABJM theory.
Circles in this 3D lattice correspond to Y-functions.
planar three-dimensional N = 6 super Chern-Simons theory [37]. In this section we will
compute wrapping corrections to anomalous dimensions of such operators in this theory.
The remarkable integrability properties in this duality have been discussed in many
papers, see for instance [38]. A Y-system in this context has been initially proposed in
[12]. This Y-system is defined by the diagram shown in Fig.2. That proposal is only valid
in a large subsector of the theory, and a modification has been proposed in [22, 45] which
makes it possible to describe the general case. We do not discuss here in detail the results
of [22, 45] since we will consider states in the sl(2) sector, for which the results of [12] do
apply without changes.
The all-loop Bethe equations for ABJM can be concisely and conveniently summa-
rized by the following osp(2; 2j6) Dynkin diagram (associated with the fermionic  =  1
grading)
♥ ❅
u
1
♥
u
2
♥ ❅
u
3
✑
✑✑
♥ ❅
◗
◗◗ ♥ ❅
u
4
u
4
(4.1)
The energies of magnons in the ABA are again expressed in terms of the Zhukowski
variable , but the coupling g in (2.5) is replaced by an effective coupling8 h() (see [39, 40,
41, 42, 43, 44]), so that
x+
1
x
=
u
h()
: (4.2)
We shall consider generalized twist operators in the sl(2) sector where we excite sym-
metrically the same number N of u
4
and u
4
roots: u
4;j
= u

4;j
. An explicit description of
these states as single trace composite operators with length 2L can be found in [21]. As in
theN = 4 SYM case, the integer L can be identified with the twist of the operator.
8Here  denotes the ’t Hooft coupling
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For such states the Y-functions which correspond to two series of black nodes in Fig.2
are equal9: Y 4
a;0
= Y

4
a;0
 Y
a;0
. In this case the conjectured exact expression for the anoma-
lous dimension [12, 22, 45] can be written as
E = 2
K
4
X
j=1

ph
1
(u
4;j
) + ÆE; ÆE = 2
1
X
a=1
Z
1
 1
du
2i


a
(u)
u
log(1 + Y

a;0
) (4.3)
where 
n
is the energy of a magnon bound state:

n
(u) 
n
2
+ h()

i
x
[+n℄
 
i
x
[ n℄

: (4.4)
To compute leading wrapping corrections we use the asymptotic large L solution of
the Y-system for ABJM theory, which was obtained in [12, 22]. For the sl(2) sector the
T-functions in the large L limit can be found from the following generating functional
1
X
a=0
( 1)
a
T
a;1

u+ i
1 a
2

D
a
= (4.5)

1 D

 1
0
B

1 
0

R
(+) 
4
R
( ) 
4
1
A
2
D
1
C
A
0
B

1 
0

R
(+) 
4
R
( ) 
4
1
A
2
D
1
C
A
0
B

1 
0

B
(+)+
4
B
( )+
4
R
(+) 
4
R
( ) 
4
1
A
2
D
1
C
A
 1
where
R
()
4
(u) =
K
4
Y
`=1
h
x(u)  x

4;`
i
; B
()
4
(u) =
K
4
Y
`=1

1
x(u)
  x

4;`

: (4.6)
The Y
a;0
functions are then given by
Y
a;0
(u) '
 
x
[ a℄
x
[+a℄
!
L

a
(u)T
a;1
(u) (4.7)
where the scalar factor is
(u) =
B
(+)+
4
R
( ) 
4
B
( ) 
4
R
(+)+
4
0

K
4
Y
j=1
x
+
4;j
x
 
4;j
1
A
K
4
Y
j=1

2
(u; u
4;j
); 
a
(u) =
a 1
2
Y
k= 
a 1
2
(u+ ik): (4.8)
Finally, to leading order at weak coupling the wrapping correction obtained from (4.3) is
ÆE
LO
'  
1
X
a=1
Z
du

Y

a;0
(u): (4.9)
4.1 ABA for twist operators in ABJM
The asymptotic Bethe equations for states in the sl(2) sector read
 
x
+
k
x
 
k
!
L
=  
N
Y
j 6=k
u
k
  u
j
+ i
u
k
  u
j
  i
 
x
 
k
  x
+
j
x
+
k
  x
 
j
!
2

2
: (4.10)
9in the notation of [12]
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The only difference compared with N = 4 SYM is the extra minus sign. As in the N = 4
SYM theory, anomalous dimensions will be expanded in powers of h

L;N
= L+N +
X
`1

(`)
L;N
h
2 `
: (4.11)
4.2 Four loop wrapping correction to twist-1 operators
In the twist-1 case, we have the lowest order Bethe Ansatz equations [20]
u
k
+
i
2
u
k
 
i
2
=  
N
Y
j 6=k
u
k
  u
j
  i
u
k
  u
j
+ i
; k; j = 1; : : : ; N; (4.12)
and the Baxter polynomial associated to the ground state is
Q(u) = N
N
Y
k=1
(u  u
k
); (4.13)
and obeys the equivalent leading order Baxter equation

u+
i
2

Q(u+ i) 

u 
i
2

Q(u  i) = i (2N + 1)Q(u): (4.14)
The solution to this recurrence, obeying the polynomiality condition, is
Q(u) =
2
F
1
 
 N; i u+
1
2
1





2
!
: (4.15)
It follows that the two-loops anomalous dimension can be computed exactly and reads

(2); ABA
1;N
=
X
k
2
u
2
k
+
1
4
= 4 [S
1
(N)   S
 1
(N)℄ : (4.16)
Higher order ABA predictions can be found in [20]. The leading wrapping correction
starts at four loops where we split

(4)
1;N
= 
(4); ABA
1;N
+ 
(4); wrapping
1;N
: (4.17)
The Y-system formulas of [12] allows for the computation of 
(4); wrapping
1;N
The result is that
it takes the general form

(4); wrapping
1;N
= 4 [S
1
(N)   S
 1
(N)℄ (r
N
  2 
2
); (4.18)
where the first 20 values of the sequence of rational numbers r
N
is
r
1
= 4;
r
2
= 8=3;
r
3
= 164=45;
r
4
= 932=315;
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r5
= 5552=1575;
r
6
= 159316=51975;
r
7
= 16391656=4729725;
r
8
= 14757016=4729725;
r
9
= 63647092=18555075;
r
10
= 14452397536=4583103525;
r
11
= 171740075876=50414138775;
r
12
= 3682448041828=1159525191825;
r
13
= 13986845259850446488=69870363870782475;
r
14
= 9622892580596=3014765498745;
r
15
= 7381571005683536=2185704986590125;
r
16
= 217095576067044176=67756854584293875;
r
17
= 3878837909713773532=1151866527932995875;
r
18
= 11104533838935576616=3455599583798987625;
r
19
= 8161513390297956691228=2429286507410688300375;
r
20
= 7824894271717769152132=2429286507410688300375:
Although a closed formula was not found for r
N
, it was proved that at large N [20]

(4); wrapping
1;N
=  
8 logN
N
+ : : : (4.19)
4.2.1 Six-loop wrapping correction to twist-2 operators
The twist-2 case is also discussed in [20]. We have at lowest order
 
u
k
+
i
2
u
k
 
i
2
!
2
=  
N
Y
j 6=k
u
k
  u
j
  i
u
k
  u
j
+ i
; k; j = 1; : : : ; N: (4.20)
Now, the Baxter polynomial associated to the ground state, for even N , obeys the equiva-
lent leading order Baxter equation

u+
i
2

2
Q(u+ i) 

u 
i
2

2
Q(u  i) = i (2N + 2)uQ(u): (4.21)
The solution to this recurrence, obeying the polynomiality condition, is
Q(u) =
3
F
2
 
 
N
2
; i u+
1
2
; i u 
1
2
1; 1





1
!
: (4.22)
Again, the two-loops anomalous dimension can be computed exactly and reads

(2); ABA
2;N
=
X
k
2
u
2
k
+
1
4
= 4 [S
1
(N) + S
 1
(N)℄ : (4.23)
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Higher order ABA predictions are also computed in [20] while the the leading wrapping
correction in appears at six loops

(6)
2;N
= 
(6); ABA
2;N
+ 
(6);wrapping
2;N
(4.24)
has never been discussed. The Y-system provides the following result for the first 15
values

(6);wrapping
2;2
=  
16
3
+
32
2
9
 
7
4
15
; (4.25)

(6);wrapping
2;4
=  
27
2
+
48
2
7
 
7
4
10
;

(6);wrapping
2;6
=  
14839
729
+
15776
2
1701
 
77
4
90
;

(6);wrapping
2;8
=  
1211155
46656
+
2710000
2
243243
 
35
4
36
;

(6);wrapping
2;10
=  
4465256207
145800000
+
17747474296
2
1402990875
 
959
4
900
;

(6);wrapping
2;12
=  
31135741
900000
+
16625130424
2
1195140375
 
343
4
300
;

(6);wrapping
2;14
=  
5177853815453
136136700000
+
186221441824
2
12422216625
 
121
4
100
;

(6);wrapping
2;16
=  
119246881467979
2904249600000
+
533851616953168
2
33502718237625
 
761
4
600
;

(6);wrapping
2;18
=  
9171053901749461889
209602597881600000
+
31508405406517484
2
1878729353479125
 
7129
4
5400
;

(6);wrapping
2;20
=  
11439531709870676071
247712161132800000
+
1217993024687399444
2
69512986078727625
 
7381
4
5400
;

(6);wrapping
2;22
=  
1930263046069937395188341
39894291262598572800000
+
2969060731439704190939432
2
163115906021996544626625
 
83711
4
59400
;

(6);wrapping
2;24
=  
77335295702681915396251
1534395817792252800000
+
8488964619211691016247352
2
450967504884343388085375
 
86021
4
59400
;

(6);wrapping
2;26
=  
506129549311871286088146073871
9685077248384161620796800000
+
15410719629581936227349212
2
794527352230074116779125
 
1145993
4
772200
;

(6);wrapping
2;28
=  
522794101328166352996044878801
9685077248384161620796800000
+
385489568436592605572224701676
2
19346197402824463113912844875
+
 
1171733
4
772200
;

(6);wrapping
2;30
=  
10227825075267207999247315567379
184016467719299070795139200000
+
803678873414383590893537762464
2
39359505060918735300719236125
+
 
1195757
4
772200
:
A closed formula is definitely unavailable (apart from the pieces  
4
) not to say its large
N expansion.
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5. Large spin expansion
The wrapping contribution is obtained by summing over a the residues
Res
u=
i
2
a
Y

1;0
: (5.1)
Once the sum is identified with an explicit functionW
N
of the spinN , it is possible to take
physically interesting limits like large spin N ! 1 to test reciprocity or the analytical
continuation N !  1 to test BFKL predictions.
In general, such a summation is not available and we propose a novel method to
derive it. The idea is to obtain closed expressions for the above residues at fixed a, expand
them in the desired limit, and take finally the sum over a. Potential problems can arise
due to the exchange of the limits. Therefore, we test the method in the undeformed case
where a closed formula exists.
5.1 Undeformed theory
Let us define 
a
(N) by the residue
Res
u=
i
2
a
Y

1;0
= 
a;N
g
8
: (5.2)
Janik’s formula predicts
r
N
=  2 i
1
X
a=1

a;N
= C
7;N
+ C
4;N

3
+ C
2;N

5
; (5.3)
C
2;N
=  640S
2
1
; (5.4)
C
4;N
=  512S
2
1
S
 2
; (5.5)
C
7;N
= 256S
2
1
( S
5
+ S
 5
+ 2S
4;1
  2S
3; 2
+ 2S
 2; 3
  4S
 2; 2;1
) : (5.6)
To inspect the structure of 
a;N
, let us begin with the simple case a = 1. We can work out

1;N
leaving Q
4
unspecified, apart from the general requirement Q
4
(u) = Q
4
( u). Fixing
its normalization by imposing Q
4
(
i
2
) = 1, the result is

1;N
=  
4Q
4
0

i
2

5
Q
4

3i
2

+
4Q
4
0

3i
2

Q
4
0

i
2

4
Q
4

3i
2

2
 
16iQ
4
0

i
2

4
Q
4

3i
2

 
4Q
4
0

3i
2

2
Q
4
0

i
2

3
Q
4

3i
2

3
+
16iQ
4
0

3i
2

Q
4
0

i
2

3
Q
4

3i
2

2
+
40Q
4
0

i
2

3
Q
4

3i
2

+
4Q
4
0

3i
2

3
Q
4
0

i
2

2
Q
4

3i
2

4
 
16iQ
4
0

3i
2

2
Q
4
0

i
2

2
Q
4

3i
2

3
+
 
40Q
4
0

3i
2

Q
4
0

i
2

2
Q
4

3i
2

2
+
80iQ
4
0

i
2

2
Q
4

3i
2

 
2Q
4
(3)

i
2

Q
4
0

i
2

2
3Q
4

3i
2

+
2Q
4
(3)

3i
2

Q
4
0

i
2

2
3Q
4

3i
2

2
+
4Q
4
0

i
2

3
Q
4
00

i
2

Q
4

3i
2

+
2Q
4
0

i
2

3
Q
4
00

3i
2

Q
4

3i
2

2
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 2Q
4
0

3i
2

Q
4
0

i
2

2
Q
4
00

i
2

Q
4

3i
2

2
+
8iQ
4
0

i
2

2
Q
4
00

i
2

Q
4

3i
2

 
4Q
4
0

3i
2

Q
4
0

i
2

2
Q
4
00

3i
2

Q
4

3i
2

3
+
8iQ
4
0

i
2

2
Q
4
00

3i
2

Q
4

3i
2

2
: (5.7)
Now, the Baxter equation for Q
4
(u) reads

u+
i
2

2
Q
4
(u+ i) +

u 
i
2

2
Q
4
(u  i) =

2u
2
 N(N + 1) 
1
2

Q(u): (5.8)
Taking derivatives at u = i
2
, we can obtain 
1;N
as a function of the first three derivatives
of Q
4
at u = i
2
. These are known and can be expressed in terms of harmonic sums [18].
Consistently with our normalization, they read
Q
0
4

i
2

=  2 i S
1
; (5.9)
Q
00
4

i
2

=  4 (S
 2
  S
2
+ 2S
1;1
); (5.10)
Q
000
4

i
2

=  24 i (S
 2;1
  S
1; 2
+ S
1;2
+ S
2;1
  2S
1;1;1
): (5.11)
Hence, we find 10

1;N
=  
64 i S
2
1
(N
2
+N + 1)
4
h
N
6

 4S
1;1
+ 2S
2
1
  2S
 2
+ 2S
2
+ 1

+ (5.12)
N
5

 12S
1;1
+ 6S
2
1
  6S
 2
+ 6S
2
+ 3

+
N
4

 28S
1;1
+ 14S
2
1
+ S
1
  14S
 2
+ 14S
2
+ 7

+
N
3

 36S
1;1
+ 18S
2
1
+ 2S
1
  18S
 2
+ 18S
2
+ 9

+
N
2

 36S
1;1
+ 18S
2
1
+ 3S
1
  18S
 2
+ 18S
2
+ 10

+
2N

 10S
1;1
+ 5S
2
1
+ S
1
  5S
 2
+ 5S
2
+ 3

  8S
1;1
+ 4S
2
1
  4S
 2
+ S
1
+ 4S
2
+ 5
i
:
The same construction can be repeated for a > 1. One finds that the Baxter equation
allows to reduce the calculation of 
a
(N) to a rational function of N and the above three
derivatives of Q
4
.
5.1.1 Large N expansion
Expanding the harmonic sums S
1
; S
2
; S
1;1
; S
1;1;1
; S
 2;1
; S
1; 2
; S
1;2
; S
2;1
at largeN we find
the general expansion

a;N
=
i
2
1
X
n=2
X
m0

n;m
a
log
m
N
N
n
; (5.13)
10Note that after using the Baxter equation, the terms involving Q000
4
 
i
2

drop.
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where N = N eE . Remarkably, this is the same form of the large N expansion of Janik’s
formula. Hence, one is tempted to sum over a the separate terms in the above expansion.
This is workable because the coefficients 
n;m
a
turn out to be representable by rational
functions of a as soon as a is large enough. In the following equations we give their
analytic form for all non vanishing cases with n  5.

2;2
1
=  
64
3

6 + 
2

; (5.14)

2;2
a2
=  
64(2a   1)
(a  1)
3
a
3
;

3;2
1
=
64
3

6 + 
2

; (5.15)

3;2
a2
=
64(2a   1)
(a  1)
3
a
3
;

3;1
1
=  
64
3

6 + 
2

; (5.16)

3;1
a2
=  
64(2a   1)
(a  1)
3
a
3
;

4;3
1
=  128; (5.17)

4;3
a2
= 0;

4;2
1
=  
64
2
3
; (5.18)

4;2
2
=
8
3

21 + 4
2

;

4;2
a3
=  
64
 
3a
2
  6a+ 2

(a  2)
2
(a  1)
2
a
2
;

4;1
1
=
224
9

6 + 
2

; (5.19)

4;1
a2
=
224(2a   1)
3(a   1)
3
a
3
;

4;0
1
=  
16
3

6 + 
2

; (5.20)

4;0
a2
=  
16(2a   1)
(a  1)
3
a
3
;

5;3
1
= 256; (5.21)
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5;3
a2
= 0;

5;2
1
=
64
3


2
  15

; (5.22)

5;2
2
=  
8
3

51 + 8
2

;

5;2
a3
=
64
 
6a
4
  20a
3
+ 25a
2
  16a + 4

(a  2)
2
(a  1)
3
a
3
;

5;1
1
=  
32
9

6 + 7
2

; (5.23)

5;1
2
=
4
3

39 + 8
2

;

5;1
a3
=  
32
 
18a
4
  52a
3
+ 39a
2
  4

3(a   2)
2
(a  1)
3
a
3
;

5;0
1
=
64
9

6 + 
2

; (5.24)

5;0
a2
=
64(2a   1)
3(a  1)
3
a
3
:
Summing over a, we find the large N expansion
r
N
=
 
 128
3
 
64
2
3
!
log
2
N
N
2
+
 
128
3
+
64
2
3
!
(log
2
N   logN)
1
N
3
+
"
 128 log
3
N +
 
32 
32
2
3
!
log
2
N +
 
448
3
3
+
224
2
9
!
logN   32
3
 
16
2
3
#
1
N
4
+
"
256 log
3
N + ( 128
3
  256) log
2
N +
 
 
64
3
3
+ 32  
128
2
9
!
logN+
+
128
3
3
+
64
2
9
#
1
N
5
+   
(5.25)
The first line is in perfect agreement with Eq. (C.2) of [19]. The other contributions can
also be checked to agree with the large N expansion of Janik’s formula.
5.1.2 BFKL poles
One can immediately see that the exchange of the summation over a and the limitN !  1
(by analytical continuation) is not legitimate. The leading pole of 
a;N
as N !  1 is
 1=(N + 1)
4, while the leading pole of Janik’s formula is  1=(N + 1)7.
This is similar to the analitical continuation at N !  1 of
(N) =
1
X
a=1
1
a
N
: (5.26)
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The separate terms are continued to a and the sum diverges. On the other hand, it is well
known that ( 1) =   1
12
.
In order to understand better what happens, we start from the exact decomposition11

a;N
= i S
1
(N)
3
f
(1)
a;N
+ i S
1
(N)
2
S
 2
(N) f
(2)
a;N
+ i S
1
(N)
2
f
(3)
a;N
; (5.27)
where f
(1;2;3)
a;N
are rational functions of N with degrees increasing with a. A plot of these
coefficient functions is instructive and can be found in Fig. (3). One can check that at fixed
positive N , the functions f
(1;2;3)
a;N
tends rapidly to zero as a increases. Instead, around
N =  1=2, all of them decreases only as  1=a for large a. This means that the sum over
a diverges across the barrier N =  1=2. This is due to accumulation of the (complex)
finite N singularities of 
a;N
. They have all ReN = 1=2 and distribute in the imaginary
direction as a increases. For instance, we show these poles fNg in Fig. (4) for a = 12
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-0.1
f H1La,N
-1.0 -0.5 0.5 1.0
N
0.1
0.2
0.3
0.4
0.5
f H2La,N
-1.0 -0.5 0.5 1.0
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-0.4
-0.2
f H3La,N
Figure 3: The functions f
(1;2;3)
a;N
as functions of N with a = 2; : : : ; 12 (moving towards the N axis).
5.2 -deformed theory
In the deformed case, we define 
a;N
by
Res
u=
i
2
a
Y

1;0
=  4 
a;N
sin
2
(2) g
6
: (5.28)
11We use S2
1
= 2S
1;1
  S
2
to eliminate S
1;1
.
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Figure 4: The functions f
(1;2;3)
a;N
as functions of N with a = 2; : : : ; 12 (moving towards the N axis).
Thus, the rational coefficients r
N
of (3.20) are given by the infinite sums
r
N
=  2 i
1
X
a=1

a
: (5.29)
Again, we are interested in the large N limit of r
N
. Now, we could not derive a closed
formula for r
N
and therefore we resort to the previous procedure that we tested in the
undeformed case.
We begin again with the simple case a = 1. We can work out 
1
leaving Q
4
unspec-
ified, apart from the general requirement Q
4
(u) = Q
4
( u). Fixing its normalization by
imposing Q
4
(
i
2
) = 1, the result is

1;N
=
Q
0
4

i
2

Q
00
4

i
2

Q
4

3i
2

+
Q
0
4

i
2

Q
00
4

3i
2

Q
4

3i
2

2
 
2
h
Q
0
4

i
2
i
3
Q
4

3i
2

+
2Q
0
4

3i
2
 h
Q
0
4

i
2
i
2
Q
4

3i
2

2
 
6i
h
Q
0
4

i
2
i
2
Q
4

3i
2

 
2
h
Q
0
4

3i
2
i
2
Q
0
4

i
2

Q
4

3i
2

3
+
6iQ
0
4

3i
2

Q
0
4

i
2

Q
4

3i
2

2
+
12Q
0
4

i
2

Q
4

3i
2

:
Exploing as before the Baxter equation for Q
4
(u) we obtain

1;N
=  
4iS
1
(N
2
+N + 1)
3

N
4

 8S
1;1
+ 4S
2
1
  4S
 2
+ 4S
2
+ 1

+
N
3

 16S
1;1
+ 8S
2
1
  8S
 2
+ 8S
2
+ 2

 4N
2

6S
1;1
  3S
2
1
+ 3S
 2
  3S
2
  1

+N

 16S
1;1
+ 8S
2
1
  8S
 2
+ 8S
2
+ 3

 8S
1;1
+ 4S
2
1
  4S
 2
+ 4S
2
+ 6

(5.30)
The same construction can be repeated for a > 1. One finds that the Baxter equation
allows to reduce the calculation of 
a
(N) to a rational function of N and the above three
derivatives of Q
4
.
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5.2.1 Large N expansion
Expanding the harmonic sums S
1
; S
2
; S
1;1
; S
1;1;1
; S
 2;1
; S
1; 2
; S
1;2
; S
2;1
at largeN we find
the general expansion

a;N
=
i
2
1
X
n=2
X
m=0;1

n;m
a
log
m
N
N
n
; (5.31)
where N = N eE and 
2;0
a
= 0. The other coefficients 
n;m
a
can be represented by rational
functions of a as soon as a is large enough. In the following equations we give their
analytic form for n  5.

2;1
1
=  
8
3

3 + 
2

; (5.32)

2;1
a2
=
8(2a   1)
(a  1)
2
a
2
;

3;1
1
=
8
3

3 + 
2

; (5.33)

3;1
a2
=  
8(2a   1)
(a  1)
2
a
2
;

3;0
1
=  
4
3

3 + 
2

; (5.34)

3;0
a2
=
4(2a   1)
(a  1)
2
a
2
;

4;1
1
= 8; (5.35)

4;1
2
=  
2
3

3 + 4
2

; (5.36)

4;1
a3
=
32(a   1)
(a  2)
2
a
2
;

4;0
1
=
14
9

3 + 
2

; (5.37)

4;0
a2
=  
14(2a   1)
3(a  1)
2
a
2
;

5;1
1
=  
8
3

9 + 
2

; (5.38)

5;1
2
=
2
3

15 + 8
2

; (5.39)

5;1
a3
=  
8
 
6a
3
  15a
2
+ 12a  4

(a  2)
2
(a  1)
2
a
2
;
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5;0
1
=  
2
9


2
  15

; (5.40)

5;0
2
=
1
6

 3  8
2

; (5.41)

5;0
a3
=
2
 
26a
3
  81a
2
+ 84a  28

3(a  2)
2
(a  1)
2
a
2
;
(5.42)
Summing over a, we find the expansion
r
N
=  
8
2
3
logN
N
2
+
 
8
2
3
logN  
4
2
3
!
1
N
3
+
+
" 
16 
8
2
3
!
logN +
14
2
9
#
1
N
4
+ (5.43)
+
" 
 32 +
8
2
3
!
logN + 8 
14
2
9
#
1
N
5
+    :
Unfortunately, the next termwhich is logN=N6 has a 
6;1
a
with divergent sum over a. This
is a signal of the fact that the expansion (5.31) is only asymptotic. This is similar to what
happens when one tries to compute, e.g., the integral
I(a) =
Z
1
0
e
 at
(t+ 1)
3
; (5.44)
by expanding inside the integral. One obtains
I(a) =
Z
1
0
dt
"
1
(t+ 1)
3
 
at
(t+ 1)
3
+
a
2
t
2
2(t+ 1)
3
+O

a
3

#
: (5.45)
The first two terms give 1
2
 
a
2
. The third piece diverges. The reason is that I(a) is non
analytic at a = 0. Indeed, one has
I(a) =
1
2
 
1
2
a 
1
2
(log a  
E
) a
2
+O(a
3
log a); (5.46)
and the convergent terms are correctly reproduced.
To check the accuracy of the asymptotic expansion, we report in Table (1) the compar-
ison with the actual values of r
N
up to N = 40.
5.2.2 Gribov-Lipatov Reciprocity
We can make a further (analytic) non trivial test of the expansion (5.43) by checking its
generalized Gribov reciprocity properties (see for instance the recent review [19]). To this
aim, we define
J
2
= N (N + 1); (5.47)
and expand expansion at large J using the branch
N =
p
1 + 4J
2
  1
2
: (5.48)
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N r
N
expansion (5.43)
2 -6.000000000 -6.139319435
4 -2.662037037 -2.665248266
6 -1.513555556 -1.513877881
8 -0.9852129427 -0.9852748715
10 -0.6969557077 -0.6969728432
12 -0.5215190262 -0.5215250122
14 -0.4063386708 -0.4063411287
16 -0.3263936768 -0.3263948131
18 -0.2684927457 -0.2684933210
20 -0.2251237630 -0.2251240758
22 -0.1917427577 -0.1917429379
24 -0.1654645182 -0.1654646272
26 -0.1443825293 -0.1443825979
28 -0.1271942257 -0.1271942703
30 -0.1129840749 -0.1129841048
32 -0.1010926874 -0.1010927080
34 -0.09103497318 -0.09103498770
36 -0.08244736256 -0.08244737298
38 -0.07505283822 -0.07505284584
40 -0.06863720900 -0.06863721466
Table 1: Actual values of r
N
compared with the asymptotic expansion (5.43).
For a generic series in logN and 1=N , one should obtain odd powers in 1=J . Reciprocity
is the absence of such terms. Indeed, we find (J = J eE )
r
N
=  
4
2
3
log J
2
J
2
+

0  log J
2
+ 0

1
J
3
+ (5.49)
+
 
 
4
2
9
log J
2
+ 8
!
1
J
4
+

0  log J
2
+ 0

1
J
5
+    :
and the terms proportional to odd powers of 1=J cancel.
5.3 ABJM twist-1 operators
In the ABJM case, we define 
a;N
by
Res
u=
i
2
a
Y

1;0
= 
a;N
h
4
; (5.50)
where h is the effective coupling. We repeat the analysis along the lines of the previous
cases.
Again, for illustration, we start from the case a = 1. We can work out 
1
leaving Q
4
unspecified, apart from the general requirement Q
4
(u) = Q
4
( u). Fixing its normaliza-
– 26 –
tion by imposing Q
4
(
i
2
) = 1, the result (for even N) is

1;N
=  
4iQ
4
0

i
2

2
Q
4

3i
2

+
4iQ
4
0

3i
2

Q
4
0

i
2

Q
4

3i
2

2
+
8Q
4
0

i
2

Q
4

3i
2
 (5.51)
The Baxter equation for Q
4
(u) gives

1;N
=
8(N + 1)
(2N + 1)
2
Q
0
4

i
2

: (5.52)
This structure 12 is kept also for the other 
a>1
. For instance

2;N
=
2
 
8N
5
+ 20N
4
+ 26N
3
+ 15N
2
+ 2N   1

(4N
3
+ 6N
2
+ 4N + 1)
2
Q
0
4

i
2

(5.53)
We finally remark that one can replace
Q
0
4

i
2

=  i (S
1
  S
 1
): (5.54)
5.3.1 Large N expansion
Expanding at large N we find the general expansion

a
(N) =
i
2
1
X
n=1
X
m=0;1

n;m
a
log
m
(2N )
N
n
; (5.55)
where N = N eE and

1;1
1
=  4; (5.56)

a2
=  
4( 1)
a
(a  1)a
;

2;1
1
= 0; (5.57)

2;1
a2
=
2( 1)
a
(a  1)a
;

3;1
1
= 1; (5.58)

3;1
2
=  1; (5.59)

3;1
a3
=  
( 1)
a
(2a   3)
(a  2)(a  1)
;

3;0
1
=  
2
3
; (5.60)
12A rational function of the spin N times the derivativeQ0
4
(i=2).
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3;0
a2
=  
2( 1)
a
3(a  1)a
;

4;1
1
=  1; (5.61)

4;1
2
= 2; (5.62)

4;1
a3
=
( 1)
a
(2a  1)(3a   4)
2(a   2)(a   1)a
;

4;0
1
= 0; (5.63)

4;0
2
=
1
6
; (5.64)

4;0
a3
=
( 1)
a
3(a  1)a
;
Summing over a, we find the expansion

(4);wrapping
1;N
=  8 log 2
log(2N)
N
+ (4 log 2  2)
log(2N )
N
2
+
log(2N )
N
3
+ (5.65)
 
4
3
log 2
1
N
3
+ (1  2 log 2)
log(2N )
N
4
+

2
3
log 2 
1
3

1
N
4
+ : : : :
Again, the next term which is log(2N)=N5 has a 
5;1
a
with divergent sum over a. This is
a signal of the fact that the expansion (5.65) is only asymptotic. To check the accuracy of
the asymptotic expansion, we report in Table (2) the comparison with the actual values of
1
h
4

(4);wrapping
1;N
up to N = 20.
N 
(4);wrapping
1;N
expansion (5.65)
2 -4.985611736 -4.974203109
4 -3.532138400 -3.531063548
6 -2.755402802 -2.755201899
8 -2.277073950 -2.277016605
10 -1.951156397 -1.951135232
12 -1.713589865 -1.713580601
14 -1.532001739 -1.531997163
16 -1.388241842 -1.388239368
18 -1.271317574 -1.271316139
20 -1.174165516 -1.174164637
Table 2: Twist-1 in ABJM. Actual values of 
(4);wrapping
1;N
compared with its asymptotic expansion.
5.4 ABJM twist-2 operators
Like in the previous case, we define 
a;N
by
Res
u=
i
2
a
Y

1;0
= 
a;N
h
6
; (5.66)
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where h is the effective coupling. We repeat the analysis along the lines of the previous
cases.
Again, for illustration, we start from the case a = 1. We can work out 
1
leaving Q
4
unspecified, apart from the general requirement Q
4
(u) = Q
4
( u). Fixing its normaliza-
tion by imposing Q
4
(
i
2
) = 1, the result (for even N) is
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=  
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+ (5.67)
+
2Q
4
0

i
2

Q
4
00

3i
2

Q
4

3i
2

2
:
The Baxter equation for Q
4
(u) gives

1;N
=  
4Q
4
0

i
2

(N + 1)
2
"
(N + 1)
 
Q
4
0

i
2

2
 Q
4
00

i
2

!
  7N   6
#
(5.68)
The first and second derivative of Q
4
at u = i=2 are all we need even for a > 1. They can
be replaced by the explicit expressions 13
Q
0
4

i
2

=  i (S
1
+ S
 1
); (5.69)
Q
00
4

i
2

=  2 (S
1;1
+ S
1; 1
+ S
 1;1
+ S
 1; 1
): (5.70)
5.4.1 Large N expansion
Expanding at large N we find the general expansion

a
(N) =
i
2
1
X
n=1
X
m=0;1

n;m
a
log
m
(
1
2
N)
N
n
; (5.71)
where N = N eE and

1;1
1
=
4
3


2
  42

; (5.72)

1;1
a2
=  
8( 1)
a
 
6a
2
  6a+ 1

(a  1)
2
a
2
(2a   1)
2
;

2;1
1
=  
4
3
(
2
  36); (5.73)
13If one prefers, the negative indices can be removed by writing everything in terms of harmonic sums
with argumentN=2
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2;1
a2
=
8( 1)
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 
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2
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
(a  1)
2
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2
;

2;0
1
=
4
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

2
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
; (5.74)
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=  
8( 1)
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 
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2
  6a+ 1

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2
a
2
(2a   1)
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;
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1
=
4
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

2
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
; (5.75)

3;1
2
=  
4
9


2
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
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2
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2
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8
+ 780a
7
  68a
6
  3060a
5
+ 6414a
4
+
 6242a
3
+ 3183a
2
  792a+ 72);

3;0
1
=  
8
9

2
2
  75

; (5.76)

3;0
a2
=
32( 1)
a
 
6a
2
  6a+ 1

3(a   1)
2
a
2
(2a  1)
2
;

4;1
1
=  
4
3


2
  28

; (5.77)

4;1
2
=
4
9

3
2
  70

;

4;1
a3
=
8( 1)
a
 
144a
7
  1200a
6
+ 4260a
5
  8300a
4
+ 9492a
3
  6282a
2
+ 2182a   297

(a  2)
2
(a  1)
2
(2a  3)
3
(2a   1)
3
;

4;0
1
=
8
9

2
2
  63

; (5.78)

4;0
2
=  
2
27

6
2
  101

;

4;0
a3
=  
32( 1)
a
3(a  2)
2
(a  1)
2
a
2
(2a  3)
3
(2a  1)
3

(36a
9
  228a
8
+ 345a
7
+ 961a
6
  4629a
5
+ 8001a
4
  7295a
3
+ 3618a
2
  891a + 81);

5;1
1
=
4
3


2
  34

; (5.79)

5;1
2
=  
4
27

17
2
  422

;

5;1
3
=
2
 
14727 + 4000
2

16875
;

5;1
a4
=  
8( 1)
a
(a  3)
2
(a  2)
2
(a  1)
2
a
2
(2a  5)
3
(2a  3)
4
(2a  1)
4

– 30 –
(768a
17
  10272a
16
+ 11376a
15
+ 704424a
14
  7333852a
13
+ 39977984a
12
+
 144003120a
11
+ 370854288a
10
  708298920a
9
+ 1021436220a
8
+
 1120131812a
7
+ 933452614a
6
  586698744a
5
+ 273890145a
4
+
 92373054a
3
+ 21347127a
2
  3019680a + 194400);

5;0
1
=  
8
5


2
  27

; (5.80)

5;0
2
=
8
135

25
2
  579

;

5;0
a3
=
16( 1)
a
5(a   2)
2
(a  1)
2
a
2
(2a  3)
3
(2a   1)
3

(400a
9
  3312a
8
+ 11620a
7
  22156a
6
+ 24292a
5
+
 14614a
4
+ 3738a
3
+ 269a
2
  264a + 24):
Summing over a, we find the expansion

(6);wrapping
2;N
=
 
 64K +
4
2
3
!
log(
1
2
N)
N
+
 
 8 + 64K  
4
2
3
!
log(
1
2
N)
N
2
+
+
 
 64K +
4
2
3
!
1
N
2
+
 
46
3
 
148
3
K +
8
2
9
!
log(
1
2
N)
N
3
+
+
 
 8 +
256
3
K  
16
2
9
!
1
N
3
+

 
50
3
+ 20K

log(
1
2
N)
N
4
+ (5.81)
+
 
18 
212
3
K +
4
2
3
!
1
N
4
+
 
1099
160
+
2317
240
K  
32
2
45
!
log(
1
2
N)
N
5
+
+
 
 
196
9
+
1256
45
K  
16
2
135
!
1
N
5
+ : : : ;
whereK is Catalan’s constant defined by
K =
1
X
n=0
( 1)
n
(2n+ 1)
2
= 0:915965594177219015054603514932 : : : : (5.82)
To check the accuracy of the asymptotic expansion, we report in Table (2) the comparison
with the actual values of 
(6);wrapping
2;N
up to N = 30.
6. Conclusions
In this paper, we have considered generalized twist operators in -deformedN = 4 SYM
and ABJM theory. We have computed in several cases the leading wrapping correction
at weak coupling from the Y-systems which had been conjectured for these theories (see
footnote 3). By exploiting the known one-loop Baxter function of the relevant states, we
have obtained systematic and accurate large spin expansions for the wrapping effects. In
perspective, this has been possible since the leading correction is fully determined by the
– 31 –
N 
(6);wrapping
2;N
expansion (5.81)
2 -15.69898239 -15.82421089
4 -14.00907640 -14.01129166
6 -12.15808612 -12.15830002
8 -10.70406871 -10.70410945
10 -9.572736757 -9.572747981
12 -8.674120989 -8.674124892
14 -7.943991150 -7.943992745
16 -7.338680286 -7.338681019
18 -6.828152580 -6.828152949
20 -6.391250615 -6.391250815
22 -6.012693387 -6.012693501
24 -5.681183430 -5.681183498
26 -5.388191030 -5.388191073
28 -5.127154672 -5.127154700
30 -4.892942461 -4.892942480
Table 3: Twist-2 in ABJM. Actual values of 
(6);wrapping
2;N
compared with its asymptotic expansion.
knowledge of the one-loop Baxter polynomial for the asymptotic Bethe roots. When this
information is available, the Baxter equation is effectively combined with the Y-system
technology to control the large spin limit. A remark that we would like to stress is that
the wrapping corrections are in a sense as simple as the asymptotic leading order energy,
at least from the point of view of our investigation. Moreover, the method that we have
illustrated does not require any guesswork to determine the analytical dependence of the
wrapping on the spin, something which is not available in general. The present work
gives a solid foundation to the technical assumption that wrapping corrections are sub-
leading for the considered operators and theories. An important non-trivial development
will be that of extending our results to the wrapping corrections to excitation over GKP,
in N = 4 SYM , or GKP-like strings.
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